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1. Quantum Effects in Gravity

This section is meant to briefly summarize some of the issues that arise when com-

bining quantum mechanics with gravity. It turns out that quantum mechanics is

almost inconsistent with relativity, both in its Special and General forms, and this

fact has largely governed the modern understanding of how Nature’s laws must be

formulated at their most fundamental level. This section describes some of the is-

sues involved, together with a brief story about some novel phenomena that come

out when quantum mechanics is put into the mix with black holes.

1.1 Quantum Mechanics

Quantum mechanics represents the ‘other’ 20th century revolution in physics, that

took place around the same time as the discovery of Special and General Relativity.

Historically, Newton’s Laws framed Nature in a conceptually simple way. The

matter seen around us was regarded as consisting of particles moving under the

influence of forces, through the famous formula

F = m a , (1.1)

where m and a are the particle’s mass and acceleration and F denotes the total force

acting on it. Bold-faced type indicates a vector quantity, having both length and

direction. The study of physics became the investigation into what kinds of particles

there are, together with the determination of what the forces are which govern their

motion. Since acceleration is kinematically related to position, a = d2x/dt2, the

name of the game was to solve eq. (1.1) for the trajectory, x(t), as a function of

time, t.

The discovery of the quantum nature of matter completely changed this program,

because understanding how atoms are made revealed that Nature has an intrinsically

random character at the microscopic level. Only statistical predictions are possible,

and repeating precisely the same experiment can lead to different, randomly dis-

tributed, outcomes.1 And the randomness is not just because we are merely ignorant

of what is ‘really’ going on.

A host of experimental and theoretical studies in the first quarter of the 20th

century showed that it is not possible to predict the precise trajectory, x(t), of

an electron in an atom, rather it is only the probability distribution, p(x, t), for

1This cuts to the core of what we consider to be science, since one normally demands good
science to be ‘reproducible’ by any observers.
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finding the electron at position x at time t whose properties are predictable. Instead

of giving us x(t), the equations of quantum mechanics tell us how to evolve the

wavefunction, ψ(x, t), in a deterministic way. The probability distribution is related

to this wavefunction through the relation p(x, t) = |ψ(x, t)|2.

1.1.1 Heisenberg Uncertainty Principle

Since predictions are statistical, they are usefully described in terms of statistical

properties like average and variance. The average of a series of repeated identical

measurements of a physical quantity A is normally denoted 〈A〉. For instance, for

a sequence of N measurements which return the sequence of values, A = ai with

i = 1, ..., N , with probability pi, this average is

〈A〉 =
1

N

N∑
i=1

ai . (1.2)

For a continuous quantity like x the analogous average is

〈x〉 =

∫
d3x x|ψ(x, t)|2 , (1.3)

using the probability distribution p(x, t) = |ψ(x, t)|2.
The variance, (∆A)2, of the sequence of measurements, ai, provides a measure

of their spread around their average value, 〈A〉. It is defined as the following average

(∆A)2 = 〈(A− 〈A〉)2〉 = 〈A2〉 − 〈A〉2 . (1.4)

∆A qualitatively represents a measure of the intrinsic uncertainty in the measurement

of A, given the measurement probability distribution, pi.

An important theorem of quantum mechanics places a lower limit on the vari-

ance of the measurement of position of a particle, x, and its momentum p = mv.

This theorem, called the Heisenberg Uncertainty Principle after its discoverer Werner

Heisenberg, states that the products of the errors in the components of x and p sat-

isfy

∆x∆px ≥ ~
2

, ∆y∆py ≥ ~
2

and ∆z∆pz ≥ ~
2

, (1.5)

where ~ ' 1.05457×10−34 Joule-seconds is the (reduced) Planck constant, which is a

fundamental constant of Nature. These inequalities state that there is a fundamental

lower limit to the accuracy with which a particle’s position and momentum can be

simultaneously known. This presents a fundamental limitation to the sense with

which a particle can be regarded as simultaneously having the well-defined position

and momentum that is presupposed when ascribing a classical trajectory, x(t) and

p(t) = m dx/dt, to a particle in the Newtonian point of view.
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Figure 1: Illustration of two observers who disagree on the relative timing of two events
(lightning strikes). (Encyclopaedia Britannica, web version).

1.1.2 Semiclassical Approximation

Since classical Newtonian physics works so well in everyday experience, there must

be a limit of quantum mechanics which reproduces the classical predictions. The

Uncertainty Principle suggests that this classical limit is retrieved when ordinary

measurement errors are much larger than the tiny size set by ~ in eqs. (1.5). When

this is so, and when the errors are kept small enough, the distribution of measure-

ments around their average becomes irrelevant, and it is the time-dependence of the

averages themselves that is important. In this case it can be shown – a result called

Ehrenfest’s Theorem – that Newton’s Law, eq. (1.1), is satisfied in an average sense

〈F 〉 = m 〈a〉 . (1.6)

1.2 Quantum Mechanics and Relativity: Almost Inconsistent

Once Relativity and quantum mechanics were discovered, it was irresistible to try to

reconcile them with one another. This turned out to be harder to do than originally

expected, because there turns out to be a fundamental tension between these two

concepts.

1.2.1 Relativity of Simultaneity

To explain this tension it is useful to recall one of the remarkable predictions of special

relativity: the Relativity of Simultaneity. This is the statement that if two (inertial)

observers move at constant speeds relative to one another, then they generally will

disagree with the ordering of two events in spacetime.

As illustrated in Fig. 1, this can arise due to the fact that signals cannot move

faster than the speed of light. Whereas the observer at rest relative to the trees

(at C) in the figure views the lightning strikes as simultaneous, the moving observer
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instantaneously at D perceives the right-hand strike to occur before the left-hand

strike. Einstein’s Principle of Relativity states that this is not just a matter of

appearances, with the ‘real’ answer being that they are simultaneous. Rather, it

states that nothing in the Laws of Nature can tell the difference between the two

observers, and so there is no absolute meaning in the relative ordering of some events

in time.

This apparently benign observation has some potentially vicious consequences.

It does because it cuts to the core of something that is usually fundamental in science:

the ability to use the Laws of Nature to predict the consequences for the future of

events in the past. After all, how can we predict events in the future given the

past if the Relativity of Simultaneity implies we cannot even agree on how events

are ordered in time? Potential problems such as these are known as problems in

‘causality’.

Einstein worried about this until he dis-

Figure 2: Light cones.

covered that special relativity is inoculated

from causality problems arising from the Rel-

ativity of Simultaneity. Causality problems

don’t arise because it is not true that dif-

ferent observers can disagree on the order

in time of all events. The only events for

which this kind of ordering confusion can

arise are those that are ‘spacelike separated’,

in the sense that their coordinates, (x1, t1)

and (x2, t2), satisfy

(x1 − x2)
2 > c2(t1 − t2)

2 , (1.7)

where c = 2.998 × 108 metres per second is

the speed of light in vacuum. That is, they

are too far apart in space to be able to travel from one to the other while moving at

or less than the speed of light. Conversely, all inertial observers agree on the ordering

in time of events between which signals can be sent with speeds at or less than c.

This is a crucial condition, when it is taken together with the observation that

nothing moves faster than the speed of light. Since nothing moves faster than light,

not all points in the future can be influenced by all points in the past. In particular,

the set of points that can be influenced by a given event fills out its future light

cone, illustrated (together with the past-directed light cone, and the trajectories of

two observers moving past one another with a constant sub-luminal speed) in Fig. 2.

Causality requires all observers to agree on the ordering in time of events that fall

into one another’s light cones, and this is so in special relativity.
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Einstein is able to relax because

Figure 3: The light cones of two events for whom
observers can disagree on the ordering in time.

the Relativity of Simultaneity only

applies to events like those illustrated

in Fig. 3, that lie outside each other’s

light cones. The inability to agree

on their temporal order doesn’t come

back to bite because any two such

events are prevented from influenc-

ing one another by the proscription

of signals from travelling faster than

light.

1.2.2 Combining Quantum Me-

chanics and Special Relativity

It is the very narrowness of this escape that makes it difficult to combine quantum

mechanics with special relativity. The problem starts once one tries to fold the

Uncertainty Principle into the above argument. Indeed, according to Heisenberg,

the better a particle is located at one of the two events in question, the less eq. (1.5)

allows it to have a precise momentum (and hence also precise velocity). In particular,

the worry arises that there can be some nonzero probability that the particle can

travel faster than light.

If so, this re-opens the Pandora’s Box of potential causal conundrums, since

it appears to allow signals to propagate between two events whose very order in

time appears to be unclear. It appears difficult to reconcile quantum uncertainty

with special relativity’s delicate balance between causality and the Relativity of

Simultaneity. This problem remained a conceptual block for several decades after

the rules for quantum mechanics were finally unravelled in the early 1920s.

The resolution of the problem first emerged from the study of Quantum Electro-

dynamics (QED), which describes the quantum behaviour of electrons that interact

with one another through electric and magnetic forces. This is one of the best-tested

theories ever invented, some of whose predictions have been tested to an accuracy

better than a part per billion. Furthermore, since light itself is really just a wave

in the electric and magnetic fields, it naturally appears in QED (but in quantum

form, as the motion of particles called photons). This theory is consistent with spe-

cial relativity, as it must be since it was invented to help reconcile the Principle of

Relativity with the special properties of particles (like photons) moving as quickly

as light.

QED reconciles causality, special relativity and quantum mechanics in a very

interesting way. Imagine that two relatively-moving observers, O and O′, see two
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spacelike-separated events, A and B, but disagree on their order in time. Observer

O thinks A is earlier than B while O′ thinks it is B that is earlier than A. It turns

out that in QED it is true that the Uncertainty Principle implies there is a small (but

nonzero) probability that particles can move faster than light, and so pass between

A and B.

Consistency with causality requires that both O and O′ agree on all predictions,

even though they disagree on the temporal order of A and B. How does this happen?

Suppose that O thinks that an electron carries one (negative) unit of charge from A

to B. It must be that O′ can view this as the transfer of one positive unit of charge

from B to A, and in such a way that exactly preserves all the interaction probabilities

seen by O.

This is actually what happens in QED, with the positive charge carried by the

positron, which is the antiparticle of the electron. Antiparticles are particles that

have exactly the same mass, precisely the opposite charge and otherwise identical

interactions as have their partner particles. QED teaches us that such antiparticles

must exist on very general grounds, because if they didn’t it would be impossible to

reconcile the fundamental requirements of causality, quantum mechanics and special

relativity. The consistency of these principles require an antiparticle for every par-

ticle, and this indeed turns out to be the way Nature works: the antiparticle of the

electron, e−, is the positron, e+; the antiparticle of the proton, p, is the antiproton,

p; the antiparticle of the neutron, n, is the antineutron, n; and so on. All the re-

quired antiparticles actually exist and have been produced in high-energy collisions

in accelerators (and in space).

1.2.3 Combining Quantum Mechanics and General Relativity

A similar tension arises when trying to combine quantum mechanics with general

relativity, although in a slightly different way. This tension seems harder to resolve

than was true for special relativity, and it is not yet known for sure how this tension is

resolved. Part of the reason it is harder is the absence (so far) of direct experimental

information about gravitational interactions when quantum mechanics is important.

Any such information would be useful since it might play the role that QED did in

helping resolve the problem between quantum mechanics and special relativity.

The problem with quantum gravity has its roots in Einstein’s formulation of

gravity in terms of the curvature of spacetime. According to this the presence of a

mass curves space and time, and it is this curvature that causes the trajectories of

nearby particles to curve – the phenomenon attributed by Newton to the action of

the gravitational force. Why should the Uncertainty Principle cause problems for

this picture?
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The problem becomes evident once one imagines trying to test the theory by

precisely measuring the curvature of space and time produced, for instance, by a

known test mass. One might do this by filling spacetime with a swarm of observers,

each armed with rulers and clocks with which to measure distances and the passage

of time. By comparing the measurements of such observers one could reconstruct the

curvature of the total geometry,2 and compare the result with Einstein’s predictions.

The problem arises once we specify the properties required of these observers.

On one hand, since their jobs are to measure precisely distances and time intervals,

we ask them to be good at this job. On the other hand, because we don’t want them

to disrupt the geometry formed by the known test mass, we ask that the observers

not to be heavy, in order not to gravitate much themselves. Like tiny pixies they can

float throughout spacetime, measuring its properties without appreciably curving it.

But the Uncertainty Principle makes it impossible for observers to have all of

these ideal properties. This is because the more precise their measurements become,

the more likely it is that they must move very quickly, and so be very energetic. But

since mass and energy are related in Relativity by the famous formula

E = mc2 , (1.8)

having energy implies also having mass, and so also curving space and time. Heisen-

berg tells us that only sumo wrestlers (and not pixies) can have an aptitude for

precisely measuring the geometry of space and time.

1.3 Semiclassical Gravity

Of course, the above issues are not yet problems in practice for real gravitational

measurements (more about which later). This is because the limitations from the

Uncertainty Principle don’t start to bite until measurements are made much more

precise than is at present possible. Consequently we find ourselves in practice to be

in the semiclassical limit, for which Einstein’s classical description should work well.

This section estimates just how precise measurements have to be in order to run into

the problems with quantum gravity described above.

1.3.1 How Big are Quantum Effects in Gravity?

Suppose a very precise position measurement is taken whose accuracy is ∆x ∼ d.

Then the Uncertainty Principle states that the momentum cannot be localized to be

smaller than p ∼ ∆p >∼ ~/d. The energy associated with such a momentum takes

2For example, one might add up the angles inside a variety of triangles inscribed between ob-
servers.
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the form required by relativity,

E(p) =
√

p2c2 + m2c4 ' pc >∼
~c
d

, (1.9)

where the first approximate equality assumes p À mc (which can be assured by

choosing small enough d). Since this energy is crammed into a size d, the resulting

energy density is

ρ =
E

d3
>∼
~c
d4

. (1.10)

How much curvature does such an energy density produce? According to Einstein

curvature is related to energy by the Einstein equation

Gµν = Rµν − 1

2
Rgµν =

8πG

c4
Tµν , (1.11)

where the left-hand-side, Gµν , is called the Einstein tensor, which the first equation

gives as a function of the Ricci tensor, Rµν , and Ricci scalar, R = gµνRµν . The right-

hand-side, on the other hand, involves Newton’s constant, G, and the stress-energy

tensor, Tµν , some of whose components are proportional to the local energy density

of matter, ρ. The typical size of the curvature tensors is therefore seen to be

R >∼
Gρ

c4
>∼
~G
c3d4

. (1.12)

Now, the curvature tensor has the dimension of (length)−2, and the condition

that our measurements (which were to within the distance ∆x ∼ d) do a good job of

measuring the curvature amounts to the condition that d be smaller than the length

scale that enters into R: that is, R ¿ 1/d2. Together with eq. (1.12) this implies d

must satisfy

d À `p =

√
~G
c3

, (1.13)

which defines the Planck length, `p ' 1.606× 10−35 metres.

The upshot is that quantum mechanics needn’t become a problem for measuring

curvatures until measurements reach down to these small distances. For comparison,

the shortest distances that are presently experimentally accessible (in particle accel-

erators, like the TeVatron near Chicago, and the Large Hadron Collider (LHC) near

Geneva), are about 10,000 times smaller than a nucleus, or about 10−19 metres.

1.3.2 Corrections in the Solar System

The incredibly small size obtained using the previous estimate is both good news

and bad news. The bad news is that distances as small as `p are well beyond our

foreseeable reach experimentally, making the search for experimental implications
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from quantum gravity very tough to find. The good news is that distances as small

as `p are well beyond our foreseeable reach experimentally, meaning that we can

expect the classical predictions of general relativity to be very accurate where we

use it in practice. This is what justifies the neglect of quantum effects when testing

the theory, since these effects are smaller than many other theoretical uncertainties

(such as in our knowledge of the mass of the Sun, or the value of Newton’s constant).

In the solar system, gravity is well described by Newton’s Law of Universal

Gravitation, but we know there are two kinds of corrections to this that can arise: the

relativistic corrections of general relativity; and the quantum corrections estimated

above. This section estimates the size of quantum and relativistic corrections to

Newton’s Laws as a function of the distance away from a massive source (like the

Sun or Earth). By quantifying how small they are, it can be determined when each

must be taken into account. When relativistic effects become important, general

relativity must be used instead of Newton’s Laws. Similarly, when quantum effects

are important we should instead use a quantum theory of gravity, but since this

theory is not yet fully understood we may regard the size of quantum effects as

providing a lower limit to the theoretical error in any classical calculation.

Relativistic Corrections

Newton’s Law of Universal Gravitation says that the gravitational potential energy

due to two point masses of mass M and m, separated by a distance r, is

U = −GMm

r
. (1.14)

This potential energy gives rise to a mutual force between these bodies whose size is

given by the usual inverse-square law: |F | = GMm/r2. Using this in Newton’s Law,

eq. (1.1), for the radial motion of the body having mass m gives

ma = m
d2r

dt2
= −GMm

r2
. (1.15)

If the motion is circular, then the radial acceleration must be related to the orbital

speed, v, by a = −v2/r, allowing v to be determined

v2 =
GM

r
. (1.16)

The size of relativistic effects is controlled by the speed of the bodies involved,

since relativity reduces to Newtonian physics for objects that move slowly compared

to the speed of light. A dimensionless measure of the importance of relativistic effects

when predicting the motion of a body moving at a distance r from a body of mass

M is therefore

ε =
v2

c2
=

GM

rc2
=

rs

2r
, (1.17)
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where the last equality uses the definition of the Schwarzschild radius, rs = 2GM/c2,

whose meaning is described in more detail below. Differences between general rel-

ativity and Newton’s Laws are not important when ε is negligibly small, otherwise

these differences must be taken into account.

For instance, for particles moving near the Earth’s surface we may use the mass

and radius of the Earth, M = M⊕ ' 5.97× 1024 kg and r = R⊕ ' 6.38× 106 m, and

so rs⊕ = 2GM⊕/c2 ' 8.87× 10−3 m, leading to

ε⊕ ' 6.95× 10−10 . (1.18)

General relativity is only important for understanding the motion of objects near

the Earth if an accuracy is desired that is comparable to 1 part in 1010 (one in ten

billion). Although this is usually too small for relativity to be important in practice

on the Earth, there are cases where it is not negligible. One example arises when the

time on a clock is compared at different heights above the Earth’s surface, because

clocks run more slowly in the presence of a gravitational field. This difference has

been measured for atomic clocks on different floors of physics buildings at various

parts of the world. Another example where general relativity is important on Earth

arises when using the Global Positioning System (GPS), which accurately gives the

position of any point near the Earth as computed relative to those of specially placed

satellites in Earth orbit.

Relativistic effects might be expected to be larger near the Sun than near the

Earth, given its much larger mass. For motion near the surface of the Sun we

instead have M = M¯ ' 1.99 × 1030 kg and r = R¯ ' 6.96 × 108 m, and so

rs¯ = 2GM¯/c2 ' 2.95× 103 m, leading to

ε¯ ' 2.12× 10−6 . (1.19)

General relativity is important for understanding motion at the solar surface to the

extent that an accuracy of a part in a million is required.

Quantum Corrections

We have seen that a similar dimensionless measure of the size of quantum effects

in gravity is given by comparing the distances involved with the Planck length,

`2
p = ~G/c3 ' 1.62× 10−35 m, leading to the ratio

δ =
~G
c3r2

=
`2
p

r2
. (1.20)

It is instructive to evaluate the size of this measure of quantum effects at points

within the solar system.
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Using r = R⊕ ' 6.38× 106 m on the Earth’s surface leads to

δ⊕ ' 6.45× 10−84 , (1.21)

indicating that a fantastic accuracy would be required before the effects of quantum

gravity become important for GPS systems, say. Similarly, near the solar surface we

have r = R¯ ' 6.96× 108 m, and so

δ¯ ' 5.42× 10−88 , (1.22)

which is even smaller than δ⊕ because δ does not depend on M , and so (unlike for

relativistic corrections) the larger solar mass does not compensate for the larger solar

radius.

1.4 Hawking Radiation

Knowing how the size of relativistic and quantum effects depend on variables like

M and r is useful, because it helps identify places where their effects might not be

negligible. Although they are small within the solar system, we might hope to find

non-negligible examples elsewhere where their effects might become visible.

1.4.1 Quantum Effects Near Black Holes

One place where gravity plays a more important role is in a black hole, for which

earlier lectures showed Einstein’s equations imply the geometry of spacetime is de-

scribed by the distance element

ds2 = −
(
1− rs

r

)
c2dt2 +

(
1− rs

r

)−1

dr2 + r2
(
dθ2 + sin2 θdφ2

)
, (1.23)

where (t, r, θ, φ) denote time (t) and polar coordinates in space – radius (r) and

direction (θ, φ) – while rs = 2GM/c2 denotes the Schwarzschild radius and M is the

mass of the black hole.

Specializing this to the trajectories of observers who sit at fixed r, θ and φ (i.e.

whose rockets keep them hovering at a fixed distance from the black hole), the above

line element gives the proper time dτ =
√−ds2 = dt (1− rs/r)

1/2. This shows how

the clocks of these observers depend on their distance from the black hole.3 Clearly

something interesting happens when r = rs, at which point the clocks of a hovering

observer appear to stop, at least as seen by an observer hovering at infinity (whose

time is measured by t).

What is special about r = rs is that it marks the innermost point from which

objects can escape the gravitational field given that they must move at or less than

3It is this same effect that causes clocks to run more slowly in a gravitational field on Earth.
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the speed of light. Indeed, if the escape speed, vesc, were computed as a function of

r using Newtonian physics, it would be defined as that speed that gets the object to

infinity with precisely zero kinetic energy, and so would satisfy

mv2
esc

2
− GMm

r
= 0 , (1.24)

and so v2
esc = 2GM/r. The radius at which vesc = c would then be rs = 2GM/c2,

in agreement with the Schwarzschild radius. (There is no reason why the numer-

ical factors of the Newtonian calculation should agree exactly with the relativistic

calculation, but it is nonetheless a happy accident that they do.)

Since relativistic corrections and quantum corrections both increase with r, it is

instructive to compute how large ε and δ are once r is made as small as possible:

r = rs. In this case the size of relativistic corrections are expected to be controlled

by

εs =
GM

c2rs

=
1

2
, (1.25)

which shows that relativistic effects are always important near r = rs. This is not

surprising since rs was defined as a place where motion under the influence of gravity

is close to the speed of light. It tells us that we must use general relativity when

understanding the properties of black holes, or things near black holes, and that a

Newtonian description is not reliable.

By contrast, the effects of quantum gravity when r = rs should be of order

δs =
~G
c3r2

s

=
`2
p

r2
s

=
~c

4GM2
=

M2
p

4M2
, (1.26)

and this gets smaller the larger M is. The quantity Mp =
√
~c/G = 2.18 × 10−8

kg is called the Planck mass, and its size shows that δs ¿ 1 for the black holes of

astrophysics, for which M > M¯ ' 1.99 × 1030 kg. Given that the interpretation

of astrophysical objects as black holes is based purely on the classical predictions of

general relativity, one might have worried that this interpretation might be under-

mined by unknown quantum gravity effects. The fact that δs ¿ 1 for such black

holes shows that this worry is groundless.

Quantum effects would be important, however, for very light black holes, such

as if their mass were as small as that of an elementary particle like a proton, whose

mass is mp ' 1.67 × 10−27 kg. We should not trust any classical inferences about

the gravitational field of a proton at radii as small as its Schwarzschild radius, and

so have no reason to believe these should behave gravitationally as classical black

holes.

What about black holes with masses in between these two extremes? For a black

hole with M ' 10−3 kg (i.e. 1 gram) we have δ ' 10−10, ensuring that it is massive
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enough that the classical approximation would be very good. On the other hand,

although quantum effects are small for such a black hole, they need not be completely

negligible. Are there any novel quantum phenomena that might arise?

1.4.2 Particle Production

The first quantum property of a black hole that can arise in this way as a small

quantum correction in a controlled semiclassical approximation was found in the

1970s by Stephen Hawking. He discovered that black holes need not be strictly

black, since quantum effects can make them radiate elementary particles.

The effect he discovered for black holes is a special case of a more general quan-

tum phenomenon: the spontaneous production of particles by an external field. This

kind of effect had been predicted theoretically decades earlier by Julian Schwinger,

who predicted that a sufficiently strong electric field would create electrons and

positrons out of the vacuum.

It is instructive to see how particle production like this works energetically. Be-

cause of the randomness of quantum mechanics the vacuum of empty space is better

imagined as a frothing soup of particles and antiparticles that are forever trying

to emerge as real particles. (In quantum mechanics, whatever is not forbidden is

compulsory.) They normally cannot emerge, however, because their appearance is

forbidden by conservation laws. For instance, electrons cannot emerge from the

vacuum alone without violating conservation of electric charge, since each electron

carries charge q = −e, where e = 1.60 × 10−19 Coulomb. But since positrons carry

the opposite charge, charge conservation cannot forbid the joint emergence of an

electron-positron pair. But it is energy conservation that keeps such pairs from

emerging all the time from the vacuum around us, because such an emergence would

require the production of sufficient energy to account for their masses, E = 2mc2.

Although there is a sense that the Uncertainty Principle allows quantum fluctuations

to violate energy conservation, they can only do so very briefly and in the long term

energy conservation is inviolate.

The situation changes in the presence of an electric field, E, because the energy of

a pair of oppositely charged particles is a function of their separation. Such particles

can lower their energy by separating because their opposite charges make them feel

forces in opposite directions due to the electric field. It is the work done by these

forces that lowers their energy, and if their total energy (including their mass) can

be lowered to zero in this way then energy conservation can no longer forbid their be

produced spontaneously from the vacuum. The energy (including the rest mass) of

an electron-positron pair (held at rest) a distance x apart in a constant electric field

turns out to be

E = 2mc2 − e|E|x , (1.27)
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and so this can vanish (just like for the vacuum), once x > 2mc2/e|E|.
Using the quantum probability of having the electrons emerge a distance x apart

from the vacuum, p(x) ∼ e−2mcx/~, implies the probability for producing electron-

positron pairs by an electric field is given by

p ∼ exp

(
−4m2c3

e|E|~
)

. (1.28)

Notice that the exponential dependence makes this probability extremely small unless

e|E| >∼ 4m2c3/~, which is why electrons don’t pop out of the vacuum all the time

in the presence of the stray electric fields that arise in day-to-day life. The kinds of

fields that are required can exist very near very heavy nuclei (having more protons

than the heaviest naturally occuring nuclei), once all of their screening electrons have

been stripped off.

Hawking’s observation was that a similar phenomenon can happen in the grav-

itational field produced by a black hole. As particles and antiparticles pop in and

out of the fermenting froth of the vacuum near the Schwarzschild radius, r = rs, one

member of a pair can fall into the black hole and so be unable to recombine with its

erstwhile partner. And the energy that is released by having this member fall into

the hole can be sufficient to carry its surviving partner far enough away from the

black hole that it can escape. The resulting prediction is that a black hole should

emit a constant stream of elementary particles, now called the Hawking radiation.

It happens that the distribution of particles that are released in this way closely

resembles what would be expected for the radiation from a hot body, having a tem-

perature called the Hawking temperature, TH . In terms of the mass of the black hole

the Hawking temperature may be computed to be

kTH =
~c

4πrs

=
~c3

8πGM
, (1.29)

where k = 1.38× 10−23 Joule/Kelvin is Boltzmann’s constant, which tells how much

energy is associated with a given temperature. Numerically, for a solar-mass astro-

physical black hole with M = M¯, this predicts the completely negligible tempera-

ture TH ' 10−8 Kelvin.

The total rate of energy loss that is produced in this way far from the black hole

is of order
dE

dt
∼ 4πσT 4

Hr2
s =

(
M¯
M

)2

9.00× 10−29 Watts , (1.30)

where σ = π2k4/(60~3c2) = 5.67 × 10−8 Watts/(metre)2(Kelvin)4 is the Stefan-

Boltzmann constant. Although this is negligible for any astrophysical system, for a

black hole with M = 1 gram, it is 1066 times bigger, implying a whopping power

release of 1038 Watts!
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The upshot is that for relatively small black holes the energy loss due to Hawking

radiation can be appreciable. And the more energy that is lost, the smaller becomes

the mass of the black hole, making the Hawking temperature (and so also the radia-

tion rate) larger. This is the recipe for a runaway evaporation, wherein the radiation

becomes faster and faster, ultimately becoming explosive once the black hole mass

gets down to the vicinity of the Planck mass, Mp ' 2× 10−8 kg. The time taken for

the evaporation of such a black hole turns out to be

τev =
5120πG2M3

~c4
=

(
M

M¯

)3

6.62× 1074 seconds . (1.31)

This is much larger than the age of the universe (1010 years, or 3 × 1017 seconds)

in the case of a solar-mass black hole, but is in the ballpark of 10−25 seconds for a

one-gram black hole.

Hawking radiation is one of the few cases where a quantum effect can be reliably

computed in a gravitating environment, and it carries many surprises. It tells us

that very small black holes are unlikely to exist, since they are likely to evaporate

very quickly and explosively. It also turns out that the similarity between black holes

and thermal systems appears to be very deep, with the area of the black hole event

horizon (in Planck units) playing the role of its entropy

S =
πr2

s

`2
p

=
4πGM2

~c
. (1.32)

The classical evolution of the black hole then combines precisely with the thermody-

namic evolution of any surrounding hot particles to ensure the validity of the three

laws of Thermodynamics (including the inevitability of the increase of total entropy),

in a deep way that even now remains poorly understood.

1.5 Strings, Branes and Extra Dimensions

Although it is not yet known what the full theory of gravity is at the short dis-

tances where quantum effects are important, there has been considerable speculation.

One theory in particular, String Theory, has emerged (so far) that appears to have

much promise as a fundamental description of Nature on the very smallest of scales.

This section is meant to provide a very brief sketch of some of the broad outlines

of string theory, together with some of the features it may predict for how Nature

might look at the much larger distances that we can at present probe.
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1.5.1 String Theory - The Idea

The basic idea of string theory is decep-

Figure 4: A cartoon of how elemen-
tary particles might be revealed as be-
ing strings if examined under sufficient
magnification.

tively simple and conservative. It does not

alter at all the two foundations of 20th cen-

tury physics: it uses good old-fashioned spe-

cial relativity, as well as good old-fashioned

quantum mechanics. What it changes is the

picture that all matter is built out of ele-

mentary particles, regarded as small entities

having no spatial size. Instead string theory

posits that matter is built from strings: ex-

tremely tiny objects having a nonzero length

but vanishing width.

If this is right, how could we have been

so wrong for so long about this whole particle

thing? In string theory the reason for this is

simple: the strings are very short, possibly

as short as the Planck length ls ' `p. Their

stringy nature would be revealed if only we could examine them closely enough under

a sufficiently good microscope (as illustrated in Fig. 4).

This picture implies a breathtaking economy of description, because the proposal

is that there is only one kind of string with which to describe all of the many elemen-

tary particles of which we know (and all of those we don’t yet know). All of these

particles are described in string theory by the same kind of string, the only difference

being that what we call different kinds of particles are really the same kind of string

vibrating in different ways. This is similar to the way that a single string on a guitar

can produce a variety of different sounds, depending on how it vibrates. The idea is

that strings are so short that we have not yet been able to resolve them well enough

to see that they have length. Because of this we interpret them as particles, but

we would then interpret strings that vibrate in different ways as different particles.

This is because each kind of vibration would have different energies, but this would

apparently be without any associated internal motion (given that we cannot yet see

the strings well enough to see that they vibrate). Since we tend to think of an el-

ementary particle as having a characteristic rest mass (and so also a characteristic

energy at rest), we mistakenly identify one kind of string as many kinds of particles.

In this picture there is only a single basic interaction that takes place. When

strings cross one another, or loop to self-intersect, they can break, or they can break

and reconnect with the ends interchanged, as illustrated in Fig. 5. All of the ordinary
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Figure 5: A cartoon of how elementary strings (with or without ends) can break and
reconnect.

interactions we see around us, such as the emission of photons or gravitons by elec-

trons, are meant to be special cases of this, once the photons and electrons involved

are interpreted as particular vibrations of the string. It is indeed true that once

one identifies the string vibration that describes the graviton (which is the quantum

of the gravitational field, in the same sense that the photon is the quantum of the

electromagnetic field), this rule for how it interacts agrees in great detail with what

general relativity would predict, provided that the interactions take place over very

long distances compared with the string length, ls. The main motivation for string

theory is that this picture of their interactions appears to solve the difficulties one

finds when trying to predict quantum effects with gravity at very short distances.

1.5.2 Extra Dimensions

A remarkable and fundamental property of string theory is its prediction that the

number of spacetime dimensions is not four. That is, a precise description of your

position in space and time requires more than the usual four numbers t, x, y and z (or,

t, r, θ and φ). String theory predicts the universe is really 11-dimensional, consisting

of 10 spatial dimensions (rather than the usual three) and one time dimension.

Such a prediction is actually not as crazy as it sounds. In particular, since

Einstein has now linked gravity to the properties of space and time, it is a phys-

ical question to ask what the overall shape of spacetime might be. In particular,

Einstein’s equations only involve local, intrinsic, properties of the geometry, like

curvature, and do not involve other geometrical properties at all. For instance, Ein-

stein’s equations are equally happy with solutions that describe dimensions of space

that are infinite flat sheets, to those that describe them as rolled-up cylinders (for

which fewer directions are infinitely long, but that are equally flat). Because both
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are equally good solutions, it is an experimental question to determine whether any

dimensions of space might be rolled up in this way or not.

But once the possibility exists that a direction of space might be circular, rather

than long, there is a possibility that its presence might have so far escaped detection.

This is because if one does not look sufficiently closely at a very long two-dimensional

cylinder, it is easy to mistake it for a one-dimensional line, along the lines illustrated

in Fig. 6. All we can say at present is that the failure to see such dimensions in

modern accelerators implies they must have circumferences that are shorter4 than

10−19 metres.

1.5.3 Branes and the Braneworld

Figure 6: A cartoon of how a small
circular dimension might be missed if a
cylinder were not examined with suffi-
ciently good resolution.

It was discovered only 10 years ago that string

theory turns out to contain more objects than

just strings. It also contains objects called

Dirichlet membranes, or D-branes for short.

These are whopping big and heavy surfaces

along which the ends of strings must move,

if there are strings having loose ends (see

Fig. 7). These surfaces can have any of a

variety of possible spatial dimensions.

For string theorists, such a possibility is

important because it reveals an enormous set

of relationships between the various kinds of

theories that had been thought to be possi-

ble, indicating that all string theories are dif-

ferent parts of one, still poorly understood,

fundamental theory, tentatively called M -Theory.

The potential existence of branes also has important consequences for identifying

the experimental consequences of string theory. This is because it can happen that

all of the particles we know are modes of vibration of those specific strings whose

ends are stuck on a brane in this way. If this were true, it would be effectively

impossible to remove these particles from the brane, because simply pulling on the

strings tends to break them, leaving one piece with an end still stuck to the brane.

(This process would describe the emission of a string loop by the brane, and not the

removal of a string with ends.)

From the low-energy point of view where we mistakenly identify strings as parti-

cles, this would make it appear that some particles are trapped on big surfaces that

run through spacetime. This would have a number of remarkable consequences, one

of which is that it would provide another way we could have experimentally missed
4There is also a loophole to this (see below), that in certain circumstances can allow extra

dimensions to be as large as 10−5 metres across.
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the existence of extra dimensions. When saying the largest an unseen extra dimen-

sion can be is 10−19 m, one assumes that they can be sought by colliding ordinary

particles at very high energies, and looking to see if any of the collision products end

up vanishing into the extra dimensions. But this search technique can’t work if the

particles we use are trapped on a surface that does not itself extend into the extra

dimensions. In this case we must re-evaluate what the observational limits are on

their size.

It turns out that it is never possible to localize

Figure 7: A cartoon of how
some strings have ends, that
are free to move along a brane.

gravity onto a surface, since gravity actually is the ge-

ometry of space and time at the end of the day. This

means that it is always possible to seek extra dimen-

sions by gravitational means, even if other particles

cannot be used. But because gravity is such a weak

force, the constraints that result are much poorer,

potentially allowing some unseen dimensions to exist

even though they are as large as 10−5 m.

In this case the best way to search is to look for

deviations from Newton’s inverse square law, since

the force of gravity must change differently with dis-

tance if there are n spatial dimensions rather than

the usual three. More specifically, the distance de-

pendence of Newton’s Law (or Coulomb’s Law), can

be derived from the condition that the total amount

of gravitational (or electromagnetic) flux, Φ, through

a surface, S, surrounding a mass (or charge), is independent of the shape and size of

the surface involved. That is, define the flux by

Φ =

∫

S

Fn dS , (1.33)

where Fn = F · n denotes the outward-directed component of the force normal to

the surface, and the integral sums the result over the entire surface, S. If F is the

gravitational force then Φ does not depend at all on the properties of S, provided

only that S completely surrounds whatever it is that sources the force in question.

Specializing to the special case where the source is a point mass sitting (in n

spatial dimensions) at the centre of an (n − 1)-dimensional sphere, S, of radius r,

then Fn = |F | and the above principle implies that Φ, given by

Φ =

∫
|F | dS = Ωn−1|F | rn−1 , (1.34)
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is independent of r. Here Ωn is the volume of an n-dimensional sphere, so

Ω1 =

∫ 2π

0

dθ = 2π , Ω2 =

∫ 2π

0

∫ π

0

sin θ dθdφ = 4π, etc. (1.35)

These expressions show that in n space dimensions the gravitational force must

fall with separation r according to |F | ∝ r−(n−1), or

|F | ∼ GnMm

rn−1
if r ¿ L , (1.36)

where Gn denotes Newton’s constant in the higher dimensions. (Notice that this

becomes the familiar 1/r2 when n = 3.) The proviso that r must be much smaller

than the size, L, of all of the extra dimensions arises because it is only in this case

that it is (even approximately) possible to enclose the point mass within a spherical

surface.

Once r becomes larger than L, it is no longer possible for force lines to expand

away from one another in the small dimensions, making the force law instead become

|F | ∼ GnMm

Ln−3r2
if r À L . (1.37)

This observation has two consequences. First, it shows that L cannot be larger

than the best tests of the validity of the gravitational inverse-square law. It turns

out that this is tested (for gravitational strength forces) only down to 10−5 metres,

and this is where the upper bound on the extra dimensions comes from.

Second, it shows that the 4-dimensional Newtons constant, G, is related to the

Newton constant in higher dimensions, Gn, by G = Gn/L
n−3. This means that if

L is large, then the observed small size of gravity relative to the other interactions

may simply be a consequence of the extra dimensions being relatively large, rather

than relying on gravity being intrinsically weak in the fundamental extra-dimensional

theory.

As yet no experimental evidence exists for this picture, but if L does turn out

to be close to its upper limit, it might be discovered when the new accelerator at

CERN begins operating sometime next year.
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2. Experimental Tests of General Relativity

General relativity (GR) provides a very good description of gravity, on Earth, within

the solar system and deeper in space. Given that quantum corrections to GR are

known to be small in the regimes where these tests are made, it makes sense to test

its classical predictions in great detail. This section is meant to briefly summarize

some of the precision experimental tests of general relativity. The main message of

this section is that various aspects of it have been tested with very great precision.

2.1 Alternatives to General Relativity

Before describing the tests themselves it is useful to have in mind an alternative

theory that might be compared with General Relativity. This allows some insight

into what distinguishes relativity from other theories, and thereby helps suggests

what kinds of tests are the most instructive to perform.

2.1.1 Scalar-Tensor Theories

From the perspective of experiment, many of the most viable alternatives to GR fall

into the general category of what are called scalar-tensor theories. In essence, the

defining property of these theories is their prediction of the existence of a new force in

addition to the four (gravity, electromagnetism, the strong nuclear force and the weak

nuclear force) for which we already have evidence. The ‘scalar’ in the name indicates

that the particle that mediates this new force carries no spin, by contrast with the

spin 1 (called ‘vector’) – manifested, for instance, in the two different polarizations

that are possible for light, such as are distinguished by polarized sunglasses. The

word ‘tensor’ in the name of these theories refers to the particle called the graviton

that mediates gravity in General Relativity (more about which below), which carries

two units of spin (implying that there is also a useful notion of polarization for waves

in the gravitational field).

In scalar-tensor gravity (STG) the new force is described by a scalar field, ϕ(x, t)

— that is, a separate number at each point, (x, t), in spacetime. A more familiar

example of a scalar field might be the density or temperature of a fluid, like the air,

that can vary from place to place. This new scalar field is in addition to the metric

tensor, gµν(x, t), the describes gravity in GR.

What might be the origin of this scalar field? One way it might arise could

be if there are extra dimensions, such as arises in theories like string theory. In

this case the number described by ϕ might be some physical property of the extra

dimensions, such as its volume or radius. In general properties like this could vary

from position to position, and so would be described by a scalar field, at least from

the four-dimensional point of view.
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The field equations of STG that generalize the Einstein equations are

¤ϕ +
ϕ

λ2
=

8πG0

c4
J

Rµν − 1

2
R gµν =

8πG0

c4
[Tµν + Tµν ] , (2.1)

where

¤ϕ =
1√−g

∂

∂xµ

[√−g gµν ∂ϕ

∂xν

]
, (2.2)

and there is an implied sum over µ, ν = 0,1,2,3, with x0 = c t, while xi, i = 1, 2, 3

denote the three components of the position vector, x. g here denotes the determi-

nant of gµν , thought of as a matrix. As before Tµν describes the energy density of

ordinary matter (like electrons, etc.) while Tµν denotes the energy density carried

by the new field ϕ. These are the quantities that source the gravitational field. The

quantity J similarly describes the property of matter that sources the new field, ϕ. λ

is a constant whose physical interpretations is described below, and the subscript ‘0’

on the parameter G0 is meant to indicate that there is a subtlety in connecting G0

to the measured value for Newton’s constant, as is explained in more detail below.

The first of eqs. (2.1) states that ordinary matter acts as a source to the new

interaction, with the constant α quantifying how strong the source is for a given

energy density in particles. The second equation is Einstein’s equation, and states

that gravity responds to both the energy density in ordinary matter, Tµν , as well as

to the energy density, Tµν , residing in the new field ϕ that has been formed by its

interaction with ordinary matter.

2.1.2 Forces Between Test Bodies

Among other things these equations dictate the interaction energy of two motionless

point particles separated by a distance r, which is

U = −G0M1M2

r

[
1− G0(M1 + M2)

rc2
+ · · ·

]
− G0Q1Q2

r
e−r/λ . (2.3)

The first term is the usual Newtonian gravitational potential, with M1 and M2 being

the mass of the two particles, and the second term represents the leading relativistic

correction to the Newtonian result. It is the third term that describes the interaction

energy due to the field ϕ, with Q1 and Q2 describing the total amount of charge

with which each particle sources this new field. (The form e−r/λ/r is what is called a

Yukawa potential.) All predictions reduce to those of General Relativity if Q1Q2 = 0,

since in this case the new field does not couple to at least one of the ordinary particles.

The exponential function e−r/λ is approximately 1 so long as r is much smaller

than λ (that is, r ¿ λ), but drops quickly to zero once r is much greater than λ (i.e.
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r À λ). Neglecting for simplicity the relativistic effects, for r À λ and r ¿ λ the

potential therefore becomes

U ' −G0M1M2

r
(1 + α1α2) (if r ¿ λ)

' −G0M1M2

r
(if r À λ) , (2.4)

where α1 = Q1/M1 and α2 = Q2/M2. This shows that the new interaction is only

important when r is smaller than λ, and becomes negligible once r gets much bigger

than λ, meaning λ can be interpreted as the range of the ϕ-mediated force between

the particles.

λ also turns out to be related to the rest-mass, m, of the particle associated

with the new field, according to m = ~/λc. Different choices for λ and the Qi (or,

equivalently, the αi) correspond to different choices for the details of the scalar-tensor

theory, so searching for observable differences between the predictions of this theory

and General Relativity allows one to put limits on the size of Q1, Q2 and λ.

2.1.3 Things to Test

The potential energy, eq. (2.3), provides a prediction that can be tested. There are

two aspects of this prediction that lend themselves to such tests.

Distance Dependence

Eq. (2.3) differs in its dependence on inter-particle separation from the prediction of

Newton’s law (and so also of General relativity). One way to test this prediction is

to measure the force between two bodies as a function of their separation.

A particular case of this arises if measurements are only made for separations

that are much larger or much smaller than λ. As eq. (2.4) shows, in this case the

r-dependence is inversely proportional to r for both large and small r, so the presence

of the new force reveals itself only through the strength of the force. If the value of

Newton’s constant should be inferred by measuring this interaction energy (or force)

at distances larger than λ, it would be found to give GrÀλ = G0. On the other

hand, if it were inferred using measurements with r much smaller than λ, it would

give Gr¿λ = G0(1 + α1α2). This shows that Newton’s constant would appear to be

slightly larger for forces measured at short range than it would for forces measured

at long range. In particular, it is only measurements of G over distances r À λ

that would be expected to be independent of the chemical makeup of the test bodies

involved, and whose value should be used to fix the value of G0

The Equivalence Principle

A different tack to take is to measure how the bodies accelerate towards one another

under the influence of the force of eq. (2.3). Using Newton’s law of motion, eq. (1.1),
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for the radial motion of particle ‘2’ (say), and neglecting the relativistic corrections

to U , gives

M2a2 = −G0M1M2

r2
− G0Q1Q2

r2

(
1 +

r

λ

)
e−r/λ , (2.5)

which uses that the radial force is related to U by F = −∂U/∂r. This implies the

(radial) acceleration of body 2 is given by

a2 = −G0M1

r2

[
1 + α1α2

(
1 +

r

λ

)
e−r/λ

]
. (2.6)

In the absence of the new force (i.e. α1α2 = 0) eq. (2.6) shows that the ac-

celeration, a2, of body 2 does not depend at all upon its mass, M2. This special

property of gravity ensures that all bodies fall with the same acceleration towards a

gravitating source regardless of what they are made of, and is known as the Principle

of Equivalence. This property is no longer true when the particles interact through

another force besides gravity, α1α2 6= 0, and so a sensitive test for the existence of a

new force is to compare the relative acceleration of different bodies falling towards a

common source.

2.2 Tests of the Force Law

There are a variety of tests that measure both the r-dependence of the force law

between objects, as well as of the equivalence principle. A large number of different

kinds of experiments are required because each experiment is normally sensitive to

a particular set of ranges, λ, that is set by the physical size of the experiment itself.

As a result, the strength of the bound on the coefficients αi that can be obtained

depends on the range, λ, of the force that is assumed.

2.2.1 Tests of the Equivalence Principle

There are a variety of constraints that restrict how much two bodies can accelerate

relative to one another in a gravitational field.

The Earth-Moon Distance

The strongest limits on the existence of a new force of the Yukawa type applies to

forces whose range is larger than the Earth-Sun distance: λ > 1 AU, where one

astronomical unit (AU) denotes the average Earth-Sun distance, 1.50× 1011 metres.

The constraint is obtained by comparing the relative acceleration of the Earth and

the Moon as they fall towards the Sun, which is measured to be incredibly small [2]

∆a

a
=

|aE − aM |
1
2
(aE + aM)

= (−1± 1.4)× 10−13 , (2.7)

which is consistent with zero.
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Such a small difference is only measurable at all because the distance between

the Earth and Moon has been measured to within centimetres for the past several

decades. This is possible because of mirrors that were left on the lunar surface by

the Apollo astronauts. These mirrors are used to reflect powerful laser beams back

to Earth from the Moon, and the Earth-Moon distance may then be computed by

timing how long the light takes to perform the return trip.

Tests in the Lab

A constraint similar in strength to eq. (2.7) has also been obtained by carefully

measuring the equilibrium position of pairs of bodies on the Earth’s surface, once

electromagnetic forces have been very carefully removed. These experiments can

measure any small difference in the amount of acceleration of these bodies towards

the Sun by seeking for a relative motion that changes once every day (as the Sun’s

direction seen from the Earth changes due to the Earth’s rotation). Such measure-

ments give a result that is again consistent with zero [3],

∆a

a
= (3.6± 5.0)× 10−13 . (2.8)

Ironically, these same laboratory experiments are less sensitive to the pres-

ence of new forces whose range, λ, is smaller than the Earth-Sun distance, even

if these forces have a range that is much larger than the radius of the Earth:

1.50 × 1011 m > λ > R⊕ = 6.38 × 106 metres. This is surprising at first sight

because forces whose range is this large allow the entire Earth to pull coherently

on the test bodies. The experimental sensitivity to these shorter range forces is

nonetheless smaller because the absence of a known 24-hour period for the effect

makes it more difficult to eliminate errors associated with imperfectly eliminated

stray electrical forces.

Once the range of the new force starts to fall below the Earth’s radius, λ < R⊕ =

6.38 × 106 m, the expected observable effect on the relative motion of test bodies

becomes even smaller, because those parts of the Earth that are further than λ away

can no longer pull on the test bodies via the new force. In this case experiments

become sensitive to relatively nearby density changes, such as the presence of hills,

lakes and overweight people in the immediate vicinity of the experiment. Experi-

ments performed by comparing how a copper and a lead test body fall towards a

3-ton uranium test body in the lab [4] lead to the result

∆a

a
= (1.1± 3.0)× 10−8 . (2.9)

2.2.2 Tests of the Inverse-Square Law

There are also a number of precision tests of Newton’s inverse-square Law of gravity

(or, equivalently, a 1/r falloff for the potential energy, U). However, because eq. (2.4)
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Figure 8: A summary of laboratory constraints on the size of a Yukawa potential change
to Newton’s Law, as a function of the assumed range of the force. The shaded area to the
top right of this plot is experimentally excluded.

shows that a new force only deviates from a 1/r form when r is close to λ, each such

experiment is only sensitive to the existence of Yukawa forces whose range is similar

to the distances over which the law is tested.

Tests in the Lab

At present, the state of the art can exclude new forces having gravitational strength

whose range is as small as 5 × 10−5 metres. The constraints on forces having a

smaller range than this become successively weaker because they become harder to

distinguish from more run-of-the-mill forces like interatomic electrostatic forces. This

trend is shown in Fig. 8 [5], which shows which coupling strengths, αi, are excluded

as a function of the range, λ, of the assumed force. All of the shaded region in this

figure is excluded by one experiment or another.

Precession of Orbits

A related test of Newton’s inverse-square law comes from precise measurements of

the orbits of the planets around the Sun, or to satellites (such as the LAGEOS

satellite) orbitting the Earth. The quality of these measurements is very good, since

the distances to satellites can be precisely measured, and the orbits of planets have

been under constant observation for centuries. What is important for the present
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purposes is that any deviation from an inverse-square force law leads to deviations

from the classical elliptical Keplerian orbits that have been known for centuries to

provide a good description of planetary orbits. In principle, one seeks deviations

from a pristine elliptical orbit, and the absence of such a deviation then constrains

the existence of new forces.

There are several complication to such

Figure 9: The precession of an ellipti-
cal orbit, such as is caused by deviations
from the inverse-square force law.

a program. First of all, Newton’s Law only

predicts strictly elliptical orbits for a planet

orbiting the Sun in the absence of the gravi-

tational pull of all of the other planets, and in

the approximation that the Sun is perfectly

spherical. Deviations from these two ideal-

izations perturb the orbits, typically caus-

ing them to precess in the way illustrated in

Fig. 9. The calculated contribution of these

more mundane perturbations must be sub-

tracted from any observed precession before

any more novel effects can be identified.

Deviations of this type from the predic-

tions of Newtonian mechanics were identified very early, and were historically used

to predict the existence of some of the outer planets before their actual discovery. By

the turn of the 20th century all such planetary effects had been accounted for, and

only one observation remained in disagreement with predictions: a small anomalous

precession in the orbit of Mercury. This is measured to precess — relative to the

vernal equinox (i.e. the place in the sky where the Sun crosses the celestial equator

in the spring as seen from the Earth) — by a very small amount: 5599.7 arc-seconds

per century. (An arc-second is defined to be 1/3600 of a degree.) For comparison,

the amount expected within Newtonian gravity is given in the first three rows of the

following table, which sum to the Newtonian prediction of 5557.0 arc-sec/century.

Source Amount (arcsec/century)

Earth’s spin precession 5025.6

Other planets 531.4

Solar oblateness 0.03

Relativity 42.98± 0.04

Total 5600.0

The difference between the observations and the Newtonian prediction, 43 arc-

sec/century, is larger than the theoretical and observational errors, and its inter-
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Figure 10: A summary of the constraints on the size of a Yukawa potential change to
Newton’s Law as a function of the assumed range of the force, including larger ranges than
in Fig. 8. The shaded area to the top right of this plot is experimentally excluded.

pretation remained a puzzle, until the discovery of General Relativity. Since the

relativistic correction to eq. (2.3) contributes a term proportional to 1/r2 to U (and

so contributes a force proportional to 1/r3), it also causes a precession of Mercury’s

orbit. Remarkably, its contribution is precisely the amount required to bring the-

ory into agreement with experiment. This was one of the clinchers for Einstein and

others in the early days of General Relativity.

The analogous relativistic precession of the orbits of other planets, and some

asteroids, and although the orbits of the remaining innermost planets are so close to

circular that their precession is hard to measure, all extant observations agree well

with the predictions. The comparison for the innermost planets and the asteroid

Icarus is given in the following table [6].

Objec GR prediction (arcsec/century) Observation (arcsec/century)

Mercury 43.0 43.1± 0.05

Venus 8.6 8.4± 4.8

Earth 3.8 5.0± 1.2

Icarus 10.3 9.8± 0.8

The great accuracy of the agreement of the theoretical prediction with the ob-
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servations does not leave much room for any new forces whose range is comparable

to the distance between the Sun and Mercury. Similar constraints also arise when

detailed observations and calculations are compared for the orbits of other planets

and satellites. These tests are only sensitive to new forces whose range is comparable

to the distance between the object in question and whatever it orbits, because it is

only in this case that the predicted force law differs much from an inverse-square

law. The constraints obtained from such comparisons are shown in Fig. 10 [7]. The

bound marked ‘LLR’ in this figure denotes the bound from Lunar Laser Ranging,

described earlier.

2.3 Relativistic Tests in the Solar System

The measurement of the relativistic precession to the orbit of Mercury is one of the

classical observational confirmations of the predictions of GR. It turns out there are

many more, some of which are summarized in this section. This section closes with

one pair of puzzling observations that do not appear to agree with GR in the solar

system, whose implications remain unclear.

2.3.1 Deflection of Light

The second classical test of GR in the so-

Figure 11: The gravitational deflection
of starlight as it passes the Sun causes a
star’s apparent position in the sky to be
slightly different from usual when it is in
the same direction as the Sun.

lar system concerns the gravitational deflec-

tion of light as it passes close by to the Sun.

This phenomenon rests on the observation

that energy and mass are equivalent (since

E = mc2), and so all energy must gravitate.

This implies that light rays must themselves

be deflected towards a gravitational source

in much the same way as would any other

passing object that is moving more slowly,

as illustrated in Fig. 11. The same kind of

deflection is also predicted by Newton’s Law,

but the expected deflection turns out to be

only half as much as in GR. The amount of

deflection expected is very small. According

to Newtonian theory the predicted amount

of deflection for starlight just grazing the solar surface on its way to us turns out to

be 0.9 arc-seconds, while for General relativity it is instead 1.8 arc-seconds.

Such a deflection is observable, since it means that the apparent position of a

star in the sky (relative to other stars), changes when it appears to pass near the

Sun as seen from the Earth. Of course stars are difficult to see at all when they are
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in the same direction as the Sun, since their feeble light gets swamped by the Sun’s

own radiance. But they can be made visible if the sunlight can be blocked, such

as occurs naturally during a solar eclipse. This is how the first tests were made, in

an expedition by Eddington in 1919, shortly after Einstein made his prediction, and

the agreement between these measurements and the predictions of GR (but not with

Newton) helped cement the theory’s acceptance. Much better accuracy has been

available since the advent of long-baseline interferometry in the 1960s, wherein the

observations of many radio telescopes are combined to allow for much more precise

directional measurements than would be possible with any one telescope alone.

2.3.2 Radar Time Delay

Another classic prediction of GR is the slowing of time in the presence of a gravita-

tional field. This is a very small effect, being around a part in 1010 near the Earth’s

surface, and a part-per-million near the surface of the Sun (see the discussion of the

size of ε in the solar system given in earlier sections). The effect is nonetheless mea-

surable on the Earth’s surface with the advent of extremely accurate atomic clocks,

giving results in agreement with General Relativity.

Another way to measure this effect became available once radar became suf-

ficiently well developed to allow beams to be powerful enough to be bounced from

space probes and from other planets with detectable echoes. Precise measurements of

the time taken for the return trip allow very precise measurements of the distances to

other planets, and so help make the measurement of orbital properties very accurate.

The ability to send such beams also allows the testing of the slowing of clocks in a

gravitational field when the radar beam happens to pass close by the Sun or a major

planet during its travels (such as might occur if it is bounced from a planet that is

situated on the opposite side of the Sun from the Earth). The slowing of time for

such a beam has the effect of lengthening the time taken for its round trip, a length-

ening that the great precision of atomic clocks makes measurable. Measurements of

this effect (called the Shaprio time delay) for the planets Mercury and Venus agree

with the predictions of GR to the level of about 5%. More recent measurements of

signals sent to the Cassini space probe as it travels in the outer solar system agree

with the predictions of GR to the 0.002% level.

2.3.3 The Pioneer Anomaly: Failure of GR?

Although General Relativity has so far passed a wide variety of tests within the

solar system, at present there is one set of observations with which GR appears to

disagree. The measurements in question are of the positions of the Pioneer 10 and

Pioneer 11 space probes, which were sent decades ago to fly past the outer planets,

and are currently continuing to move away from the Sun beyond the orbits of the
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planets. The two probes happens to be moving into space away from the Sun in

roughly opposite directions.

Detailed measurements of the trajectories of both of these probes reveal them

both to be decelerating as they climb out of the Sun’s gravitational field. The problem

is that they both appear to be slowing down a tiny bit faster than that would be

expected once all the known forces on them are taken into account. The difference,

whose size is

δa = (8.74± 1.33)× 10−10 m/s , (2.10)

is what might be expected if they both were subject to a tiny additional force that

attracts them towards the Sun. This leaves them roughly 5000 km closer to the Sun

every year than would have been expected given the known forces acting on them.

Since the size of the effect is so small, considerable effort has been invested in

trying to see if it can be accounted for by a mundane explanation, such as a small

heat excess on one side of the spacecraft. To date no such an effect has yet been

identified, and the fact that the effects appears to be present with two spacecraft

considerably complicates finding such an explanation. A similar effect is also seen

in the Galileo, Ulysses, Voyager and Cassini spacecraft, but detailed conclusions are

more difficult to draw for these partly due to their not having yet travelled quite

so far, and partly due to the presence of things like thrusters that make a detailed

prediction of their position more complicated to make. The data are presently being

re-analyzed to see if it is possible to discern whether the direction of the anomalous

acceleration is in the direction of the Sun or of the Earth. If the latter, it would likely

indicate the effect is an experimental error rather than being due to a new force.

Unfortunately, the interpretation of this acceleration in terms of a new force is

also problematic. In particular, if it were a force that falls off with distance like

1/r2, it would be expected to be much larger in the inner solar system, leading to

predictions for the orbits of planets that are inconsistent with observations.

At present the ultimate significance of this anomaly remains unclear.

2.4 Tests Further Afield

Although the success of the experimental tests of GR within the solar system are

impressive, they cannot tell us if GR breaks down at distances much larger than the

solar system, or in gravitational fields that are much stronger than those of the Sun.

For this reason considerable effort has been invested in finding observational tests

for GR outside of the solar system. This section describes several such tests.

2.4.1 Binary Pulsars

The most precise extra-solar tests of GR come from the study of the orbits of bi-

nary pulsars. A pulsar is an astrophysical object that is observed to send regularly
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repeated bursts of radiation (which could be radio waves, or x-rays etc.), whose

repetition period ranges from a few seconds to a few milliseconds (see Fig. 12).

Their observed properties fit what

Figure 12: Plots of the spectrum of radiation
from two representative pulsars. The pattern
shown is repeated over and over again.

would be expected for a very com-

pact star, called a neutron star, that

is rapidly spinning. A neutron star

is an exotic beast, with a mass simi-

lar to that of the Sun but a radius of

only a few kilometres, which is not

much larger than its Schwarzschild

radius. This small size makes it ca-

pable of rotating as quickly as many

times a second. Such a star, once

rapidly rotating, would tend to set

up a large magnetic field which would

tend to fire very energetic particles

into space along a well-directed beam.

Such a beam would rotate with the

neutron star, causing a lighthouse-

like beam of particles that sweeps

around as the neutron star turns.

The regular pattern of pulses of ra-

dio waves or x-rays seen from the

Earth then arises as this lighthouse beam repeatedly sweeps past us.

A binary pulsar is a pulsar (i.e. a neutron star) that orbits a companion star.

This companion can be an ordinary star like the Sun, or possibly even another neu-

tron star. (Stars orbiting one another like this are actually not an unusual occurrence,

since just under half the stars visible in the sky orbit a partner in this way.) The fact

that the pulsar is in an orbit around another star can be inferred from the shifts that

this motion induces in the frequency of the light the pulsar emits, a phenomenon

called the Doppler effect.

It takes the pulsar a few days or so to orbit once around its partner, indicating

that the pulsar and its companion are closer to one another than Mercury is to

our Sun. Together with the compactness of the pulsar itself, this means that the

gravitational fields through which these stars pass are much stronger than those to

which we are accustomed in the solar system. What’s more, the fact that the pulsar

sends out such regularly repeating signals means that we see an exquisitely precise

clock in orbit around another star, providing a remarkable chance to measure the
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nature of space and time in these orbits.

For all of these reasons there are a number of relativistic effects that are com-

paratively large relative to those seen in the solar system. This allows a potentially

greater suite of tests of GR than are possible in the solar system. Some of the rela-

tivistic effects that have been seen in these systems are the ones that are also seen

in the solar system. These include

• the relativistic precession of the pulsar orbits;

• the relativistic slowing of time as counted by the pulsar as it moves in the

gravitational field of its companion;

• the Shapiro time delay of the pulsar signals as they pass through the gravita-

tional field of the massive companion.

There are also new effects seen

Figure 13: A plot comparing measurements of
the rate of decay of the pulsar orbital period as
a function of time, with the prediction following
from gravitational radiation in GR.

in binary pulsar systems, that have

not been seen before. Foremost among

these is the observed decay of the

pulsar orbit, which are very slowly

spiralling in towards one another. This

orbital decay is observed as an ex-

tremely small, slow, secular increase

in the orbital period, seen in Fig. 13.

Although small, the increase is ob-

servable because the pulsars have been

watched consistently over a long pe-

riod of time, in some cases for sev-

eral decades.

Why is this decay a relativistic

effect? It is because orbital decay in-

dicates that the pulsar orbit is losing

energy. General Relativity predicts

such an energy loss, due to the emis-

sion of gravitational waves. Gravi-

tational waves are ripples in the fab-

ric of spacetime itself, that are gen-

erated when masses are moved relative to one another. These waves are the precise

analogs of the electromagnetic waves that are generated by moving electrical charges,

and which we know as light, radio waves, x-rays etc., depending on their frequency.

Both types of waves – gravitational and electromagnetic – move at the speed of light.
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Figure 14: Plot of the prediction for periastron shift, orbital decay rate and relativistic
time delay (for the Hulse-Taylor binary, PSR 1913+16) in General Relativity, as functions
of the mass of the pulsar and its companion in the binary system. If GR is true all three
lines should touch at a point (within errors), revealing the masses of the actual bodies
involved.

But in order for this to provide a test of General Relativity it must be possible

to predict its size, for a quantitative comparison with the observed rate of decay.

But because the waves are produced by moving charges, it is necessary to know

what the masses are for both the pulsar and its companion. Although these cannot

be measured directly, they also appear in the prediction for the size of the other

relativistic effects that have been observed for pulsars. The strategy is to use the

agreement of these predictions with experiment to infer the masses of the orbiting

stars, and then to use these to predict the gravitational radiation rate.

This strategy is illustrated in Fig. 14, which shows three curves that give the

relationship between the pulsar mass and the mass of its companion that follows by

requiring the prediction of GR for the precession of the orbit, the slowing down of

the pulsar clock, and the orbital decay caused by gravitational radiation, to agree

with what is seen for a particular pulsar. If GR provides a correct description of the

pulsar system, all three of these curves should touch at a single point, corresponding
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to the masses of the two bodies in the orbit. The remarkable fact is that they do,

and because they do we learn both that GR is working well, and what the masses of

the two stars must be. And given these masses the rate of decay evolves in time in

precisely the way predicted by GR, as seen in Fig. 13.

2.4.2 Gravitational Lensing

General Relativity has a great many other remarkable implications outside the solar

system. One such is the widespread occurrence of gravitational lensing, wherein light

from very distant galaxies is deflected by the gravitational field of a foreground mass.

This kind of lensing is often seen, where the foreground mass is itself a large cluster

of galaxies.

The difficulty with using these phenom-

Figure 15: A photograph of gravita-
tional lensing (the arc-like shapes) of
distant galaxies by a foreground galaxy
cluster.

ena to test GR is that comparatively little

is known about the properties of the masses

that are doing the lensing. Because of this

it is difficult to have precise predictions with

which to compare the observations. What is

done instead is to use the observed lensing

to infer the distribution of foreground mat-

ter, under the assumption that GR provides

a good description of the lensing physics. It

is arguments such as these that point to the

widespread existence throughout the Universe

of an unknown form of matter — called Dark

Matter — whose presence is only inferred

from its gravitational effects.

It is a potential worry to be basing such

fundamental conclusions on a theory that has not been tested in such large scales.

For this reason a convincing case for Dark Matter requires a number of independent

lines of evidence. And several such lines of evidence do exist, whose full description

goes beyond the scope of these notes.

2.4.3 Cosmology

As later lectures will describe in more detail, another success of General Relativity

is its description of the shape and evolution of the Universe as a whole. Since GR

ascribes gravity to the curvature of space and time, it in particular relates the overall

geometry of the Universe to the overall distribution of matter found within it. The

resulting picture that has emerged over the past decades shows that the Universe
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is expanding, having emerged roughly 10 billion years ago from a hot, dense epoch

called the Hot Big Bang.

There are several lines of observational evidence for the Hot Big Bang picture,

based on the observation of primordial relics from earlier, hotter periods. One such

a relic is the Cosmic Microwave Background Radiation, which is light that is left

over from an early epoch when atoms first formed, making the Universe transparent

to light for the first time. A second relic is the relative abundance of light nuclei

that were formed when the Universe was as hot as 10 billion degrees. The properties

of both of these relics are consistent with what would be produced by an early Hot

Big Bang, and their detailed properties tell us much about the Universe’s overall

properties.

One of these properties is the total abundance of Dark Matter relative to ordinary

matter. Remarkably, this agrees with what is found by other means, such as by

gravitational lensing. Eventually the consistency of these inferences will be precise

enough to provide a whole new suite of potential tests of General Relativity.
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