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Newton, Principia, Proposition 1, Theorem 1: the proof of the Area Law 

Let the time be divided into equal parts, and in the first part of the time let a body by 

its inherent force describe the straight line AB. In the second part of the time, if nothing 

hindered it, this body would (by law 1) go straight on to c, describing line Bc equal to AB, 

so that —when radii AS, BS and cS are drawn to the centre— the equal areas ASB and BSc 

would be described. But when the body comes to B, let a centripetal force act with a 

single but great impulse and make the body deviate from the straight line Bc and 

proceed in the straight line BC. 
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Newton then draws cC parallel to BS meeting BC at C, thus completing the parallelogram 

VBcC. He now applies the parallelogram law, C being the point the body will end up according 

to that law (corollary 1) under the joint action of the inertial force and the force impressed 

at B: 

Let cC be drawn parallel to BS meeting BC at C; then, when the second part of time has 

been completed, the body (by corollary 1 of the laws) will be found at C in the same 

plane as triangle ASB.  

Since we have an inertial motion from A to B in the first part of time, and Bc is the line it 

would have traced under the same inertial motion in the second equal part of time, AB = Bc. 

This means not only that the triangles SAB and SBc are equal, since they have equal bases and 

the same height (sc. the perpendicular dropped from S onto ABc), but also that they are in 

the same plane, since ABc is a straight line. Now, Newton instructs us, 



Newton’s Proof of the Area Law  Origins 3A03, Winter 2011 

© Richard T. W. Arthur, 2011 2 

Join SC; and because SB and Cc are parallel, triangle SBC will be equal to triangle SBc 

and thus also to triangle SAC.  

That is, triangles SBC and SBc will also be equal, since they have the same base (SB) and the 

same height (namely, the perpendicular from Cc onto SB). Therefore SBC = SBc = SAB. But 

now BC will be the body’s new inertial motion, and it will receive another impulse at C, and 

the same reasoning will apply: 

By a similar argument, if the centripetal force acts successively at C, D, E, , making the 

body in each of the individual particles of time describe the individual straight lines CD, 

DE, EF, ..., all these lines will lie in the same plane; and triangle SCD will be equal to  

triangle SBC, SDE to SCD, and SEF to SDE. Therefore in equal times equal areas will be 

described in an unmoving plane; and by composition, any sums SADS and SAFS of the 

areas are to each other as the times of their description. 

Now let the number of triangles be increased and their width decreased indefinitely, and 

their ultimate perimeter ADF will (by lemma 3, corollary 4) be a curved line; and thus 

the centripetal force by which the body is continually drawn back from the tangent of 

this curve will act uninterruptedly, while any areas described, SADS and SAFS, which are 

always proportional to the times of description, will be proportional to the times in this 

case. Q.E.D.  

Newton’s reference to Lemma 3 is to his Method of First and Ultimate Ratios. Lemma 1, from 

which the other lemmas are derived, is as follows:  

Lemma 1: Ratios of quantities, which in any finite time constantly tend to equality, and 

which before the end of that time approach so close to one another that their 

difference is less than any given quantity, become ultimately equal. 

Lemma 3: The same ultimate ratios are also ratios of equality when the widths AB, BC, 

CD,  of the parallelograms are unequal and are all diminished indefinitely. 

Corollary 4 And therefore these ultimate figures (with respect to their perimeters acE) 

are not rectilinear, but curvilinear limits of rectilinear figures.] 

(Source: Isaac Newton, The Principia: Mathematical Principles of Mathematical Philosophy, 

translated by I. Bernard Cohen and Anne Whitman, Berkeley: University of California Press, 

1999, pp. 444-5) 


